We obtain a condition for the positive equilibrium to be a global attractor of the survival model of red blood cells proposed by Wazewska and Lasota. Our technique is novel in the sense that a pair of nonlinear equations is utilized, and our result improves earlier results in [3] and [4].
Introduction.
A well-known model for the survival of red blood cells was proposed by Wazewska-Czyzewska and Lasota in 1976 [1] and stated in terms of a nonlinear ordinary differential equations with a delayed parameter: N'(t) = + pe"7jv(t-T), t > 0,
where fi £ (0,1) and 7,p, r G (0,oo). Here N(t) denotes the number of red blood cells at time t, ^ is the probability of death of a red blood cell, p and 7 are positive constants related to the production of red blood cells per unit time, and r is the time required to produce a red blood cell.
The properties of this equation are of interest from both a mathematical and a biological point of view. In particular, one main concern is when the equilibrium will become a global attractor of solutions defined by "positive initial conditions". More precisely, let
The solution N = N(t) of (1) defined by the initial condition N(t) -<p(t) for t e [-r, 0] exists, is unique and is positive for t > 0 by means of the standard method of steps (see, e.g., [2, p. 89]). As an example, a constant solution N(t) = N* can be found and is given by the unique positive solution of the transcendental equation
This solution is called the equilibrium solution and the number N* is called the (positive) equilibrium point of (1) . If N* has the property that for any solution N(t) of (1) that satisfies N(t) = 4>{t) for t e [-r, 0], we have lim^oo N(t) = N*, then N* is said to be a global attractor of (1) for solutions originating from Cl.
There are a number of results that tell us when N* is a global attractor. For example, in [3] , it is shown that if 7W*(1 -e_Mr) < In2, then N* is a global attractor.
As an improvement, it is shown in [4] that the same conclusion will hold even if the number In 2 in the above condition can be replaced by the larger number 1. The question then arises as to whether sharper conditions can be found. In this paper, we will address this relatively difficult problem and show that the improved condition
is sufficient for N* to be a global attractor for solutions originating from f2.
2. Auxiliary inequalities.
Our investigations lead to the following coupled pair of inequalities:
y + e-^ln^l + J^) <M(e"*-l),
x jN* where we have set M = 77V* (1 -e~^T) for the sake of convenience. Clearly, (x, y) -(0,0) is a solution of (3)-(4). We will need the fact that there are no nontrivial solutions of (3)- (4) in the region $ = {(x, y) | -7N* < x < 0 < y < oo}. Theorem 1. If (2) holds, then (0,0) is the only solution of (3)- (4) in <£.
Proof. There are three cases to consider: M < 1, 1 < M < 1 + e_/jr/(jN*), and M = 1 + e~MT/(7N*). Suppose first that M < 1. Let (a,(3) be a solution of (3)- (4) in $. Then in view of M <1,
Note, however, that the function We now show that the implicit relation f(y) = g(x) in $ defines a function y = C\{x) for -7N* < x < 0, and the implicit relation f(x) = g(y) in $ defines a function y = C^(x) for x in some interval of the form (a:*, 0] where -7N* < x* < 0. To see this, note that
Thus / is a strictly increasing and strictly concave function defined on (-jN*,oc) and its range is R. In particular, the inverse /_1 exists and is defined on R. This shows that C\{x) = f~1{g(x)) for -7N* < x < 0. Similarly, g(0) = 0, limt__00 g(t) = +00, 2 (x) = T7-7-rr + {C2{x)) > 0> x* < x < 0. 
Thus, in order to show that every solution of (1) that is positive for t > 0 will converge to N*, it suffices to show that every solution x(t) of (7) that satisfies x(t) > -7N* for t > 0 will converge to zero. In order to see this, we need to consider three kinds of solutions. The first kind consists of positive solutions, the second negative solutions, and the third oscillatory solutions. It has already been shown (see, e.g., [2, 4] ) that if x = x(t) is a solution of (7) that is eventually positive or eventually negative, then x(t) -> 0 as t tends to 00. It has also been shown [3] that if x = x(t) is an oscillatory solution of (7), then \x(t)\ < M for all large t. Thus, if x{t) is an oscillatory solution of (7) we see that -7N* < -M < x-< 0 < x+ < 00.
We assert further that
and x-+e-»Thi(l + ^)>M{e-*+-l).
To see this, let s > 0 and T > 0 be such that X+ -£ < x(t) < X+ + £, t >T + T.
Further, let be a positive, increasing, and divergent sequence of real numbers such that x'(£") = 0 for n > 1, and limn^oo x{tn) = x+. Then in view of (7), ®(*n)+7iV*( 1 -ea(t»-T)) = 0,
x(tn -t) = -In ( 1 + ) . On the other hand, in view of (7), (x{t)e^)' = 7/iAr*(e-x(t_T) -l)e^ < 7^N*(e~x-+£ -l)e^, which yields, after integrating from tn -r to tn, x(tn) -x(tn -t)e~^T < 7N*(e~x-+£ -1)(1 -e"^).
Substituting (10) into the above expression, we see that x(tn) + In (l + e~»T < M(e~x~+£ -1).
By taking limits on both sides as n -> oo and then as e -* 0, we see that (8) will follow as required. The inequality (9) is similarly proved. We now invoke Theorem 1 and conclude that x_ = x+ = 0. The formal result now follows.
Theorem 2. Let N* be the unique positive solution of the equation /j,N* = pe~jN*. Suppose 'rJV*(l-e-"T)<l +
Then for every solution N = N(t) of (1) that is positive on [0, oo), limt_007V(i) = N*.
We remark that the condition (11) is nonvacuous in the sense that there are n € (0,1), 7,p,T € (0, oo) such that the equality sign in (11) is satisfied. Indeed, let /x, 7 and p satisfy 
